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NETWORK THEQREMS

1. Superposition Theorem

Statement: In linear, active, bilateral network current flowgi through any component is
the algebraic sum of currents due to individualrses taking one at a time, replacing

remaining sources with their internal impedances.

Proof: Consider the network shown in fig(1), in which, Z,, Z3 are impedances and, V

and \, are applied sources.

Za

e

Fig. 1

Let I I, be the mesh currents, writing mesh equation&dt).
(Lt+Z)ly — Zl = Vi
Ll + (Lt = Vs,
Now keeping the source;Vand replacing ¥ with its internal impedance. The modified

ckt is shown in fig(2).

Z

Fig. 2
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Let I'1, L be mesh currents, mesh equations for fig(2)

(Z+ Z)L - Zlz2 =V
2L +(2Z+Z)L=0
Consider the Yand replace Ywith its internal impedance as shown in fig(3)

Zl 7z

Fig.3

Let I , Iz be the mesh currents , mesh equations for fig(3),

Z+2Z)hi-zk=0
20+ (Z+Z) 2= b
Adding eq(3) & eq(5) and eq(4) & eq(6), we get
(Z+Z)m+T)-Z(2 +12) =\,
T (i) (1N ) A5
Comparing eq(1) & eq(7) and eq(2) & eq(8), we have
L= (o +12)
L= (2 +I)
It is clear from the above equations that the eurflowing through any component is
algebraic sum of currents due to individual sourtcaking on at a time. Hence

Superposition theoremis proved.
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2. THEVENIN'S THEOREM

Statement: Any linear, bilateral, active network connectedwsstn two terminal A, B can
be replaced by a voltage source supplying voltage iN' series with an impedanceZ

Where My known as Thevenin’s voltage and is the open teamioltage across A, B
terminals. 44 is known as Thevenin’'s impedance and is measaceass open terminals

A, B by replacing all energy sources with theieimmal impedance.

A
.

A Zh

Linear, balateral,

¥AR

active networls

.
B

B

Proof: Consider the network shown in fig(1), in which Z, and % are impedances, V is

the applied voltage and 4s the load impedance.

7

v
@ /_11\ 33‘

.
B

Fig. 1

Let I3, I be the mesh currents, mesh equations for fig(1)
(Z4+ZL)h—Zl =V
-Z3h+ (L+Z3+2Z) =0

From eq(2), we have
Z3shh= (L+ZL+2)IL

et I3+ I
- =

LI (3)

Substituting { value from eq(3) in eq(1) we get
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(Z1+Z3)(Za+Zs+ 20 [
Z3

(Z1+Z3)(Za+ Za+ 20T —Z5 1L
Z3

—Z3lL=WV

=V

L

=

(F1+E3 1M+ Es+ 20 I —223 I = VE-

L[(Z1+25)(Za+ 25+ Z1) - 25| = VZs

Wis

Ip =
[(Z1+25)(Za + Za+ Z1) - T4

W

IL=

[ZIZE + ZIZS + ZIZL + Z3Zz + Z% + Z3ZL - 223]

I Vs

Thevenin’s Voltage (M)

N (Z1Za# ZaFs +ZaZ)+ 212y + Z)

To measure Thevenin’s voltage make the terminal8AQpen by removing the load

impedance connected between them. The modifieditoiagram is shown in fig(2).

Zl Zz

=

X

Fig. 2

voltage across terminals AB (1) = voltage acrosssZ
VTH =l X Z3
But from fig(2)

v

I=
Z1+ Zs

Substituting | value in eq(6) we get
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Win

Vg =
TH Z1+ o

Thevenin’s Impedance (4+)
Thevenin’s impedance is measured across open naisnAB by replacing all

energy sources with their internal impedances. midified circuit diagram is shown in
fig(3).

Zm=(4l|l %)+ 2
L1735
ZTH =
o Z1+ Z5
L2175+ Zal Z1 + s )
L1+ Es

+ Fa

LTH =

e Zfa+ fafs + Enig =  z}
Z1+ Zs

Thevenin’s Equivalent Circuit
Thevenin’s equivalent circuit can be constructed donnecting voltage source
supplying voltage V4 in series with an impedance.Zas shown in fig.(4). Finally connect

the load impedance which was removed from the itircu

A
Z g T ZTH

)
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The current in the Thevenin’s equivalent circuit isgiven
| e VTH
ZTH + ZL
Substituting \fy and 4y values in eq (9), we get

Vs
Z1t+ Fa
(21T 4 Za s+ ZaZ)
(Z1+ Z3)

+ 7L

W
Z1+ Z4
 (Z1Z 4 Fa T+ T+ 21T + Z)
(Z1+ Zz)

W
(F1Z2+ZaZs+ ZaBq)+ Z1(Z) + Z3)

I =

Comparing eq(5) & eq(10), we get

=1
That is the current flowing through load resistorai given circuit is equal to the current
flowing through the load resistor in Thevenin’s m@ilent circuit. Hence Thevenin’s

theorem is proved.
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3. NORTON'S THEOREM

Statement: Any linear, bilateral, active network connectedwsstn two terminal A, B can
be replaced by a current source supplying curkemh parallel with an impedancenZ
Where | is known as Norton’s and is measured by sheocuiting the terminals AB. ¢

is known as Norton’s impedance and is measuregbsopen terminals A, B by replacing

all energy sources with their internal impedance.

A
A »

Linear, bilateral, In

active networl: ZL C)

*
B

Proof: Consider the network shown in fig(1), in which Z, and % are impedances, V is

the applied voltage and Zs the load impedance.

VAT

v
@ /_11\ Z&‘

.
E

Fig. 1

Let I, I. be the mesh currents, mesh equations for fig(1)
(Z1+ L) Li—=ZL =V
-Z3h+ (L+ZL+2)I0=0

From eq(2), we have
Z3shh= (L+ZL+2) 1L

(Tt Z3+Zu I

- (3)

I

Substituting { value from eq(3) in eq(1) we get
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(Z1+Z3)(Za+Zs+ 20 [
Z3

(Z1+Z3)(Za+ Za+ 20T —Z5 1L
Z3

—Z3lL=WV

=V
(F1+E3 1M+ Es+ 20 I —223 I = VE-
L[(Z1+25)(Za+ 25+ Z1) - 25| = VZs

VZs
[(Zi+25)(Za+ Za+ Z1) - 23]
VZs
[lez + T Tt ZaZ + FaTo+ FE+ ZaZ — 223]

IL=

IL=

Vs

Iy =
- (Z1Za# ZaFs +ZaZ)+ 212y + Z)

Norton’s Current (I n)
To measure Norton’s current short circuit the ieais A, B open by replacing the load

impedance with a good conductor between them. Toalfrad circuit diagram is shown in
fig(2).

Let I, Iy be the mesh currents, writing mesh equationsid¢2 ¥
(Z1+ ) | = ZIn=V
-2l + (Zx+2Z3)Iy=0
From eq(7) we have
- Z3d=—(2%+ Z3)lN
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\\\\ !'Ea"o..

s-;;

%l = (Zo+ Z3)In

Substituting | value from eq(8) in eq(6) we get

(Z,+Z))!

(21 + Za) No—Zsly =

3
(Z+Z)(Z,+Z )l =21,
Z3

=V

(ZL+Z)Z,+ 2 - 231 =VZ,
Iy ':(Zl +Z,)(Z,+Z,) _Zsz} =VZ,

| = VZ,
" [(Zl +Z)Z,+Z)) _Z32]

VZ
Iy = 8
| l:(ZlZZ+ZSZl+ZBZZ+232_Z32]

VZ,

" @z,+22,+27]

NORTON'S IMEDANCE (Z \)
Norton’s impedance is measured across open telsmnB by replacing all energy

sources with their internal impedances. The madlifiecuit diagram is shown in fig(3).

In=(4llz%)+2

ZZ,

=— 325 47
" (zvzy) 7
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ZlZS + ZZ(Zl+ Z3)

Z, =
(Z,+Z,)

(leZ + Z3zl+ Z; 2)
(Z,+2;)

Z, =

Norton’s Equivalent Circuit

Norton’s equivalent circuit can be constructed tynnecting current source
supplying currenty parallel with an impedancey4as shown in fig.(4). Finally connect the
load impedance which was removed from the circuit.

-

% &)

Fig. 4 B

The current in the Norton’s equivalent circuit is iven
et Nl
ZN + ZL
Substituting { and 4, values in eq (9), we get
(T 7-7")
= (Z,+2,) VZ,

s +z3zl+zgz2)JrZ (zz,+zz,+22Z)
(2,+Z,)

(22Z,+2Z2,+7ZZ))
" (Z,+Z)) vz,
© (L2, ZZ KT )R Z (L) [(22,+2.2,+2 7))
(Z,+2,)

—_ (lez +Z3zl+ ZSZZ) (Z 1+ Zg VZ3
‘T @Z+Z) (@ZZ,4Z2Z42Z)+2(Z+Z) (272 #22#23 )
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Vs
(Z1Za+ ZaZa+ ZaZ )+ Z1(Z2 + Zs)

I =

Comparing eq(5) & eq(10), we get

IL=1Ip
That is the current flowing through load resistorai given circuit is equal to the current
flowing through the load resistor in Norton’s ecplent circuit. Hence Norton’s theorem is

proved.
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4. Maximum Power Transfer Theorem (DC)

Statement: In linear, bilateral, active network power deliedrto a load connected
between two terminals is maximum when the loadstasce is equal to internal resistance
of the source.

Proof: Consider circuit shown in fig(1) in which;,RR_ are internal resistance, load

resistance respectively and V is the applied gelta

Rj
£ g

Fig. 1

Let | is the current in the circuit given by

oV
R +R,

Power delivered to the load is given by P R|

Substituting | value from Eq(1) in Eq(2) we get

2
p=|—Y | R
R +R,

_ VR,
(Ri+R, Y

- (3)

The variation of the power with the load resistai&ucgiﬂ

L

dp _ d( VR, J
dR. dR{(R+R ]

dp _(R+R FV2-VR 2R +R )
dR, R+R Y
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Condition for maximum power transfer g

(R+R FV:-VR 2R+R )_j,
(R +R ) B

(R +R)V*[(R+R )-2R]=C
R+R -2R =0

R -R =0
R =R
From Eq(5), it is clear that the load resistanaegsal to the internal resistance of the

source, hence maximum power transfer theorem igepo
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5. Maximum Power Transfer Theorem (AC)

Statement:In an active network power delivered to a load &xmum if load impedance

is complex conjugate of internal impedance of ithece.

Proof: Let us consider the network shown in fig(1), in @hV is the applied voltage;,Z

Z, are internal impedance, load impedance respegtigdeland Z are given by

where X, X, are reactances.

Current in the circuit is given by

[ A —)
Z+7,

Substituting £ Z, values in Eq(1) we get

I = v
(R +jX;) +(R, +jX.)

Vv

Or I= -
(Ri+R)+ X + X))

(@)

Taking modulus on both sides of Eq(2), we get

|||2:\/ 2V2 :

(R+R.F+(X +X)
VR,

JIR AR P+ (X +X)?]

Power delivered to the load is P 2R|

Or |If= 3)
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Substituting Eq(3) in Eq(4) we get
VR,
[(R+R Y+ (X +X)?]

Power variation with Xis dO;(P and is given by
L

dP _ d VR,

dX,  dX_ [ [(R+R P+ (X + X )?]

dP VIR 2(X +X,)

dX0 (R +R P+ (% +X )]

The condition for maximum power transferaf']la;(E =0
L

o VR2XHX) o

[(R+R P +(X+X )]

or VR 2(X, +X,)=0

(X;+X,) =0

Power variation with Ris dp

dp _ d VR,
dR. dR [ [(R+R. P+ (X +X )]

dP _[(R+R P+(X+X)*[V'-VR 2R +R )
dR, [(R+R P+ (X +X)7]

The condition for maximum power transferiaé;jRE =0
L

[RHR Y+ (X +X)°JV*-VR 2R +R ) _
[(Ri +R_ P+ (X +X|_)2}

[(R+R P +(X+X )’ [V?-VR 2R +R )= 0 (7)
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SubstitutingX, =-X_ in Eq(7) we get

[(Ri+R P+ (X +X)’|V?-VR 2(R +R )=0

oo (R +R YV°-VR2R+R)=0
or (Ri+R )-2R =C

or R-R =0

or R =R
substituting X and Rvalues in Eq(1), we get

Z =R -jR
It is clear that the Eq(2) and Eq(7) are complexjegates. The load impedance is
complex conjugate of the load impedance of thes®urence maximum power transfer
theorem is proved.

Maximum power delivered to the load can be obtaimedubstituting X=-X_ in Eq(5),
we get

VR,
[(Ri + RL )2 + (_XL + XL )2:|

Max

2
or P, = VR,

R +RY
substituting R= R_ in the above equation, we get
2
[((RU+R. Y]
2
or PMaX :V—F\)L2
(2R.)

V°R
S T
L

Vi
4R,
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6. Reciprocity Theorem

Statement:In any linear, bilateral, active network voltageokgd in one mesh and the
resulting current in other mesh are interchangeable
Proof: Consider a network shown in fig(1), in which voka(y) is applied in the first

mesh. The mesh currents areamd b. Now the voltage source is shifted into the second

mesh as shown in fig(2). The mesh currentslarand 1, .

According to reciprocity theoren, =1,

R1 R2
Ay AT

Vg/;l\’ §93®

fig (1)
Mesh equations for fig(1)
(R+R,)1,-R,l,=V
-R,l,+(R,+R,)I,=0
From Eq (2), we have
-R,l,=~(R,+R,)l,
or R;,=(R,+R,)I,

I - (R2+ R3)|2
1 R3

or

----- @)

substituting 4 value from Eq(3) in Eq(1), we get

(R2+ R3) |2

(R,+R;) -R;l,=V

3
(Rt Ry)(R,*+ Ry) 1— R32 I, -
R,

Vv

(R1R2+ Ra R2+ R3 F\)1"' Rsz )Iz_ Rg |2_
Rs

or V
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or I,|RR,+RyR,+ Ry R+ RI - R} |= VR,

or 1,[RR,+R;R+R,R]|= VR,

or 1,= VR, - (4)
(R1R2+ RS R2+ R3 Rl)

Mesh equations for fig(2)

From Eq(5), we have
Ril, =(Ri+R;) 1,

or |2' — R+ Ry -(7)
R,

Substitutingl, value from Eq(7) in Eq(6), we get
(R2+ R3) Il - V

3

_R3|1‘ +(R2+ Rs)

_R32|1' (R R)RH R;) Ii =V
R,

or

_R32|1'+(R1R2+ Rz R3+ Rs R1+ Rg )Ill_v
Rs

or

or I, -RS+RR,+R, R+ Ry Rt RI|= VR,

or I,[RR,+R,R,+R,R]= VR,

VR,
(R1R2+ R2 R3+ R3 Rl)

or I, =

comparing Eq(4) and Eq(8), we get

It is clear from the above equation that the apjplieltage in one mesh and the resulting

current in other mesh are interchangeable, hesaprocity theorem is proved.
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